Abstract. A correspondence among the totally geodesic Radon transformsas well as among their duals-on the constant curvature spaces is established, and is used here to obtain various range characterizations.
Introduction
The totally geodesic Radon transform on spaces of constant curvature has been widely studied (see [Hg1] , [Hg2] , [BC1] , [Ku1] , to quote only a few). Yet many of the known results, in spite of their similarities, were obtained on each such space independently. The idea of relating these transforms by projecting each space to the Euclidean one appeared independently in [BC2] (for negative curvature) and [Ku4] (for curvature of any sign), and was used to obtain, respectively, range characterizations of the Radon transform on the hyperbolic space and support theorems on all constant curvature spaces.
In this paper we extend and exploit further this correspondence, establishing an explicit formula relating the dual Radon transforms on the different constant curvature spaces, and proving various range characterizations for the Radon transform and its dual on the Euclidean and elliptic space.
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Preliminaries
Let M n κ be an n-dimensional simply connected complete Riemannian manifold of constant curvature κ. Normalizing the metric so that κ equals −1, 0, or +1, we get, respectively, the hyperbolic space H n , the Euclidean space R n , and the sphere S n -or its two-to-one quotient, the projective space P n . (The subscripts +1, −1 will henceforth be replaced by +, −, respectively.) For a fixed k, with 1 ≤ k < n, let ξ be an arbitrary k-dimensional totally geodesic submanifold of M n κ . The k-dimensional Radon transform R κ f (the indication of n, k will be omitted) of a function f on M n κ which is integrable on each ξ is given by
where dx is the volume element on ξ induced by the metric of M n κ . In S n , whenever x ∈ ξ then also −x ∈ ξ, so that R + cannot separate antipodal points, i.e., it vanishes on odd functions: for this reason we will only consider even functions on S n , or, equivalently (except for a factor 2 in the integrals), will take M n + to be P n . Let Γ n,k κ be the set of all k-dimensional totally geodesic submanifolds of M n κ , equipped with the natural differentiable structure: if κ = 0 it is the usual affine
where x ∈ M n κ and dξ is the measure on the subset {ξ ∈ Γ n,k κ : ξ x} induced by the isotropy group of x in the automorphism group of M n κ , normalized as in [Hg1] .
The Riemannian metric of M 
where ω is a unit vector in the tangent space T o M n κ , identified with R n . (Actually p + is defined on the complement in P n of the projective hyperplane, henceforth called the distinguished equator e o , orthogonal to o. The S n version of p + is of course the composition with the canonical quotient map.) The following table gives ν κ , µ κ explicitly.
The map p κ has the property of taking geodesic segments to geodesic segments, although not preserving their arc length: the map Γ 
Correspondence among Radon transforms and among their duals
The following is proved in [Ku4] and, for the hyperbolic case, in [BC2] .
(1) If g is the even function on S n (but not defined on e o ) given by g(p
(These multiplication operators and the Radon transforms are all positive operators, and only integrability along k-planes, or totally geodesic submanifolds, is actually required, so f can be taken to belong to a larger function space than L 1 .) Similar relations hold for the dual Radon transform: it was proved in [BC2] for the hyperbolic case, but the same method can be used in general, as we now show.
Proof.
(1) For κ = +1 consider the functions
and the maps Φ κ , Φ κ , Ψ κ , Ψ κ given by
, the space of even functions on S n vanishing on a neighborhood of e o , with D(R n ), it follows that the identity κ ; taking adjoints we obtain
The argument for κ = −1 is verbatim the same, except that f, f must have support in B n (the expression of Jp − was found in [BC2] ), and Φ − is a topological isomorphism of D(H n ) with its image, which is strictly contained in D(R n ).
Observe that Φ + is also a topological isomorphism of S(S n , e o ), the space of even functions on S n vanishing on e o to infinite order, with S(R n ).
Consequences
Let us provide some applications of the results of the preceding section. Support theorems on the various constant curvature spaces were previously obtained in [Ku4] , while range characterizations in the hyperbolic space were proved in [BC2] . We first state for general k a result known for k = n − 1 (cf. [Gu] , [Gr] , [St] ): by C ∞ even we shall denote the space of smooth even functions.
Theorem 4.1 ([St, Lemma 4.3]). The Radon transform R
is an injection for general k, and is onto when k = n − 1. m also preserves infinitesimal sequences of infinite order, the converse is analogous.
Proof. The spherical harmonics expansion of
To extend [So, Theorem 7 .7] we need to introduce moment conditions different from the usual ones. Definition 4.2. We say that φ ∈ C(G n,k ) satisfies the m-th refined moment condition if for every ξ ∈ G n,k+1 containing 0 there exists a degree m homogeneous polynomial P ξ on ξ such that for every unit vector ω ∈ ξ the function
is integrable on (−∞, +∞) uniformly in ξ , ω and the integral equals P ξ (ω).
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for all x 0 , x ∈ R n and j ≥ 0},
for all ξ 0 ∈ G n,k , x ∈ R n , and j ≥ 0}.
(Note that A n = B n,0 , if we identify R n with G n,0 .) The extension of Solmon's result is as follows.
Proof. The first statement is obtained by pulling back Theorem 4.1 via Theorem 3.1: we omit the details. Integrating in polar coordinates around the closest point of a k-plane ξ, one easily verifies that, in general, if
the "if" part follows from this and the classical Helgason moment conditions, applied to the restriction of f , φ to each (k + 1)-plane ξ through 0. Also for the "only if" part we shall consider one ξ at a time, proving the required decay of f on it, and then concluding on the whole of H n by uniformity. Therefore we can assume that n = k + 1: we have to prove that if t → t
If g is the function on S n obtained pulling back f via Theorem 3.1, namely g(rω) = f(tan r ω)/ cos n r, then we have g ∈ C ∞ (S n ), and
is smooth at r = π/2, from its Taylor expansion we deduce that it vanishes there of order (at least) m + 1 uniformly in ω. Therefore so does each spherical harmonic expansion coefficient (R + g) i, (r) (in S n−1 ) uniformly in i, . By [Ku2, Theorem 2.5(rni ) ] the coefficients of g are
if n is even,
is the Gegenbauer polynomial. The change of variable s = tan r / tan t and an elementary computation show that g i, (r) vanishes at r = π/2 of order (at least) m+1 uniformly in i, ; therefore so does g(rω) uniformly in ω. The result now follows from translating these vanishing conditions into the corresponding decay conditions for f . Theorem 4.3 is similar to the so-called support theorems for the k-plane transform, and in the case k = n − 1 it provides a less technical proof of the Schwartz theorem for the Radon transform (see [Hg1] , [So] ). A more accurate estimate of the coefficients of the spherical harmonics expansion in the proof of Theorem 4.1 can be used to replace C ∞ -smoothness with finite order differentiability in Theorem 4.3, thereby generalizing the main theorem of [MS] .
It is known (see, e.g., [Gr] ) that, in the sphere case and for k = n − 1, the Radon transform R + can be identified with its dual R * + by identifying great spheres with their polar point(s). In view of Theorem 4.1 we can thus state the following result, related to Hertle's [Ht] . Proof. The argument is for the most part analogous to that of Theorem 4.3, hence we limit ourselves to pointing out the main remarks. Since B n,n−1 n ⊆ B n,n−1 1 , the moment condition simplifies to t → t j φ(tω + ω ⊥ ) is integrable on (−∞, +∞) for all j = 0, . . . , m.
Pulling back to the sphere by means of Theorem 3.2, this is equivalent to the boundedness of r m+2 φ(rω + ω ⊥ ) (because the function pulled back is C ∞ on S n ). But this is clearly equivalent to the boundedness of R * 0 φ(x) |x| m+2 .
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